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ABSTRACT

Introduction: Successful embryo implantation in in vitro fertilization (IVF) depends on achieving adequate en-
dometrial thickness through estrogen supplementation. Current hormone replacement therapy protocols do not 
account for inter-patient variability, potentially resulting in excessive hormone exposure and adverse effects. 
Therefore, personalized estrogen dosing strategies are needed to improve treatment efficiency and safety.

Objectives: This study aims to develop a patient-specific optimal estrogen dosing framework using Pontryagin’s 
Maximum Principle and compare its performance with a previously developed Nonlinear Programming (NLP)-
based optimization approach.

Methodology: Clinical data from 41 IVF patients were used to construct individualized endometrial thickness 
models. An optimal control problem was formulated to minimize cumulative estrogen dosage while achieving a 
target endometrial thickness of 8 mm. Maximum Principle–based dosing profiles for treatment durations of 10 
and 13 days were compared with two NLP formulations.

Results: Both optimization methods substantially reduced estrogen exposure compared with experimentally 
administered dosages, with more than 50% of patients achieving dosage reductions greater than 10%. Although 
NLP generally produced lower total dosages, the Maximum Principle yielded smoother continuous dosing pro-
files without discontinuities.

Practical Implications: The proposed Maximum Principle framework may improve the clinical feasibility, safe-
ty, and cost-effectiveness of personalized IVF hormone therapy.

Abbreviations: IVF: In Vitro Fertilization; NLP: Nonlinear Programming; ART: Assisted Reproductive Technolo-
gies; HRT: Hormone Replacement Therapy; GnRH-a: Gonadotropin-Releasing Hormone Agonist; t-NC: True Nat-
ural Cycles; M-NC: Modified Natural Cycles; Mild-OS: Mild Ovarian Stimulation Protocols; LBR: Live Birth Rates; 
CPR: Clinical Pregnancy Rates; AI: Artificial Intelligence; DAE: Differential-Algebraic Equation

ARTICLE INFO

Received:   July 16, 2026
Published:   July 27, 2026

Citation: Keerthisri Kannana and  
Urmila Diwekar. Optimal Control 
for Estrogen Dosage Profile Deter-
mination for Embryo Implantation 
Through the Maximum Principle and 
its Comparison with Non-Linear Pro-
gramming. Biomed J Sci & Tech Res 
66(2)-2026. BJSTR. MS.ID.010325.

Introduction
Assisted Reproductive Technologies (ART) encompass a broad 

range of medical procedures designed to address infertility through 
the manipulation of oocytes, sperm, or embryos outside the human 
body (Graham, et al. [1]). Over the past several decades, ART has 
transformed reproductive medicine and provided millions of individ-

uals and couples worldwide with opportunities to achieve pregnancy 
despite underlying fertility challenges. Among the various ART pro-
cedures, in vitro fertilization (IVF) remains the most widely utilized 
and clinically recommended treatment due to its versatility and com-
paratively high success rates across diverse infertility etiologies. IVF 
involves the fertilization of mature oocytes with sperm in a controlled 

https://biomedres.us/
https://dx.doi.org/10.26717/BJSTR.2026.66.010325


Copyright@ :  Urmila Diwekar | Biomed J Sci & Tech Res | BJSTR.MS.ID.010325.

Volume 66- Issue 2 DOI: 10.26717/BJSTR.2026.66.010325

58573

laboratory environment, followed by the transfer of one or more re-
sulting embryos into the patient’s uterus. The standard IVF process 
consists of four major stages: controlled ovarian stimulation (super-
ovulation), oocyte retrieval, fertilization and embryo culture, and 
embryo transfer (Diwekar, et al. [2]). While significant technological 
advances have improved outcomes at each stage of the IVF process, 
successful implantation of the embryo into the uterine endometrium 
remains one of the most critical determinants of pregnancy success. 
Implantation is a highly coordinated biological process requiring pre-
cise synchronization between embryo development and endometrial 
receptivity. Consequently, inadequate endometrial preparation is rec-
ognized as a major contributor to implantation failure and unsuccess-
ful IVF cycles.

To optimize implantation conditions, several endometrial prepa-
ration protocols have been developed and are routinely employed in 
clinical practice. These include hormone replacement therapy (HRT) 
cycles with or without gonadotropin-releasing hormone agonist 
(GnRH-a) suppression, true natural cycles (t-NC) with or without lu-
teal phase support, modified natural cycles (modified-NC), and mild 
ovarian stimulation protocols (Mild-OS) (Papanikolaou et al., 2024). 
Among these approaches, HRT-based protocols are particularly com-
mon because they allow clinicians greater control over the timing 
of endometrial development and embryo transfer. Regardless of the 
protocol employed, the achievement of an adequately developed en-
dometrial lining is considered essential for successful implantation. 
Endometrial thickness, typically measured using transvaginal ultra-
sound, has emerged as one of the most widely used clinical indicators 
of endometrial receptivity. Although the precise optimal thickness 
remains a subject of ongoing investigation, numerous studies have 
demonstrated a positive association between increased endome-
trial thickness and improved pregnancy outcomes (Eftekhar, et al. 
[3,4]). Clinical evidence suggests that live birth rates (LBR) in fresh 
IVF cycles tend to improve when endometrial thickness reaches ap-
proximately 10–12 mm, while in frozen embryo transfer cycles, the 
benefit appears to plateau between 7 and 10 mm (Aboulghar [5]). Im-
portantly, successful pregnancies can still occur outside these ranges; 
however, clinical consensus generally considers an endometrial thick-
ness of at least 8 mm to be favorable for implantation and pregnancy 
maintenance. Endometrial thickness below 7 mm is commonly clas-
sified as “thin endometrium” and has been associated with reduced 
clinical pregnancy rates (CPR), lower live birth rates, higher miscar-
riage rates, and increased risk of adverse obstetric outcomes such as 
preterm delivery (Papanikolaou et al., 2024), (Zheng et al., 2022). The 
biological mechanisms linking endometrial thickness and implanta-
tion success are multifactorial. Adequate endometrial growth reflects 
proper estrogen-mediated proliferation of the functional endometrial 
layer, sufficient vascularization, and the establishment of a receptive 
uterine microenvironment capable of supporting embryo attachment 
and invasion. Thin endometrium may result from impaired blood 
flow, inadequate estrogen response, uterine scarring, inflammation, 

or previous surgical interventions, all of which can compromise im-
plantation potential. Consequently, considerable clinical effort has 
been devoted toward developing strategies to improve endometrial 
growth in patients exhibiting persistently thin endometrium.

In current clinical practice, HRT-based endometrial preparation 
protocols typically involve administration of exogenous estradiol ei-
ther as a fixed daily dose of 6 mg or as a stepwise increasing regimen 
consisting of 2 mg/day during days 1–7, 4 mg/day during days 8–12, 
and 6 mg/day thereafter until embryo transfer. Estradiol priming 
generally continues for 10–36 days depending on patient response. 
Once the endometrial thickness exceeds approximately 7 mm, pro-
gesterone supplementation is initiated to induce secretory transfor-
mation of the endometrium and is continued until the luteo-placental 
shift, typically occurring between the 10th and 12th weeks of gesta-
tion (Papanikolaou et al., 2024). In cases where endometrial growth 
remains inadequate, additional interventions—including hormonal 
therapies, vasoactive agents, antioxidants, platelet-rich plasma, and 
growth factors—may be employed to promote endometrial prolifera-
tion (Eftekhar [3]). Nevertheless, increasing the dose and duration of 
estrogen administration remains the most common and clinically ac-
cepted approach for treating thin endometrium, forming the primary 
focus of the present study. Although recent studies suggest that an en-
dometrial thickness near 12 mm may maximize the likelihood of live 
birth (Gingold, et al. [6]), many clinical protocols continue to adopt 
8 mm as a practical and clinically achievable threshold for adequate 
receptivity. This threshold is therefore used in the current work as 
the target endometrial thickness for optimization. Despite the wide-
spread use of estrogen supplementation protocols, current dosing 
strategies remain largely empirical and relatively uniform across pa-
tients. Standardized regimens do not adequately account for substan-
tial inter-patient variability in hormonal sensitivity, ovarian reserve, 
metabolism, uterine physiology, or endometrial growth dynamics. 
As a result, some patients may receive unnecessarily high hormone 
doses while others fail to achieve sufficient endometrial development 
despite prolonged treatment. This variability has motivated increas-
ing interest in personalized medicine approaches for IVF treatment 
optimization.

Recent advances in computational modeling, systems engineer-
ing, and artificial intelligence (AI) have created new opportunities 
for individualized IVF treatment planning. For example, the Opt-IVF 
clinical decision support system developed by our group provides 
personalized and optimized hormonal dosing during the superovula-
tion stage of IVF using mathematical optimization techniques. Clinical 
evaluation demonstrated that Opt-IVF achieved a 20% reduction in 
hormonal dosage while simultaneously increasing pregnancy rates by 
approximately 42% (Diwekar, et al. [7]). The methodology employed 
Pontryagin’s Maximum Principle to derive optimal hormonal dosing 
trajectories tailored to individual patient characteristics (Diwekar 
[8]). These results illustrate the substantial potential of model-based 
optimization approaches to improve IVF efficiency, reduce treatment 
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burden, and enhance clinical outcomes. Parallel to these develop-
ments, AI technologies have become increasingly integrated into 
reproductive medicine. Current applications of AI in IVF include em-
bryo image analysis, preimplantation genetic testing, treatment pro-
tocol selection, outcome prediction, and automated embryo grading 
systems (Diwekar, et al. [7,9,10]). Machine learning and predictive an-
alytics have demonstrated promising capabilities in improving clin-
ical decision-making and identifying patterns not readily apparent 
through conventional analysis. However, despite these advances, the 
use of AI and mathematical optimization for individualized hormone 
dosing and endometrial preparation remains relatively underdevel-
oped. Most existing clinical dosing strategies continue to rely heavily 
on physician experience and generalized treatment guidelines rather 
than patient-specific optimization.

To address this limitation, our group recently developed a differ-
ential-algebraic equation (DAE)-based mathematical model describ-
ing the temporal dynamics of endometrial thickness during estrogen 
therapy (Lanza [11]). The model incorporates patient-specific phys-
iological characteristics and can be personalized using clinical data 
obtained during the initial days of monitoring, including baseline 
endometrial thickness and hormone concentrations. This person-
alization process enables the construction of individualized patient 
profiles capable of predicting endometrial growth trajectories under 
varying estrogen dosing regimens. Such patient-specific models pro-
vide a foundation for applying advanced optimization and control 
strategies to IVF treatment planning. An important advantage of this 
framework is the ability to formulate estrogen administration as an 
optimal control problem. By integrating personalized physiological 
models with optimization algorithms, it becomes possible to deter-
mine the minimum effective estrogen dosage required to achieve a 
desired endometrial thickness target while simultaneously minimiz-
ing unnecessary hormone exposure. This approach has the potential 
to reduce IVF treatment costs, improve patient comfort, and minimize 
adverse side effects associated with prolonged or excessive estrogen 
administration, including impaired insulin sensitivity, hypertriglycer-
idemia, thromboembolic risk, and alterations to gut microbiota com-
position (Coussa [12]).

In earlier work, our group investigated this concept using a 
nonlinear programming (NLP)-based optimization framework and 
demonstrated that estrogen dosages could be reduced for all patients 
while still achieving the target endometrial thickness of 8 mm (Lan-
za [11]). Two optimization strategies were evaluated: one allowing a 
minimum daily dose of 0.0 mg and another imposing a lower bound of 
0.5 mg/day. The results indicated that permitting a zero lower bound 
produced greater average reductions in total estrogen usage. Howev-
er, the resulting dosing profiles frequently exhibited discontinuities 
and abrupt changes in dosage, which may be less practical or clinical-
ly desirable for implementation. Building on prior work, the present 
study extends the optimization framework by applying Pontryagin’s 
Maximum Principle to derive a continuous optimal-control formula-

tion for estrogen dosing during endometrial preparation. The pro-
posed methodology provides a mathematically rigorous framework 
for generating patient-specific dosing trajectories while addressing 
limitations associated with discontinuous NLP-derived solutions. 
This paper presents the mathematical derivation of the optimal con-
trol formulation, describes its implementation for personalized estro-
gen dosing, and compares its performance with the previously devel-
oped NLP-based optimization approach.

Methodology
Model and Non-Linear Programming Methodology in Past 
Research

Our group’s previous work (Lanza [11]) collected data from 41 
patients who underwent IVF. The research data included the number 
of days each patient was dosed with hormones (the experimental 
time) and the initial thickness; in addition, the previous research also 
developed a model to personalize dosages for each patient after two 
days of monitoring [13-15]. A differential equation was formulated to 
relate hormone dosage to endometrial lining thickness.

( )est
dx kC t
dt

α=       (1)

Constrained by:

0 3k< <

10 10α− < <

Where 
dx
dt represents the rate of change of the endometrium’s 

thickness and ( )estC t α represents the hormone dosage on a given day. 
k  is the rate constant and α is the rate exponent. The general math-
ematical technique used to solve optimal control problems includes 
Calculus of Variations, Pontryagin’s Maximum Principle, and Dynamic 
Programming. Non-Linear Programming (NLP) optimization meth-
ods can also be applied to such problems if the system can be discret-
ized into a nonlinear algebraic equation.  In our earlier work, we used 
NLP to obtain dosing profile for the following optimization problem. 
To optimize dosages to achieve the 8 mm endometrial thickness, pa-
tient profiles were created using the initial thicknesses, experimental 
dosages, and the experimental thicknesses at given days, as well as 
the k value, as k  was found to be patient independent. These profiles 
were then used to minimize the objective function shown in Eq. 2 to 
find each patient’s α value. 

2
0 expSum of Squared Error = ( )t

i calculated erimentalx x=∑ −     (2)

 Eq. 3 represents the minimization of the total dosage.

  0Min ( )t
i estC i=∑         (3)

Subject to:
8 ( ) 9x t≤ ≤
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( )est
dx kC t
dt

α=

This model was then optimized using nonlinear programming in 
MATLAB to achieve an 8mm thickness.

Derivation of Dosages Through Pontryagin’s Maximum 
Principle

Here, we use the Maximum Principle to derive an optimal con-
trol profile for the optimization problem of minimizing total estrogen 
dosing for optimal endometrium thickness. Our objective function for 
this optimal control problem is as follows: 

0
max ( )

T

estJ C t= − ∫     (4)

subject to   1( ) 8x T =    (5)

where T is the final time, estC
 is the dose of estrogen given each 

day (varies with time), and 1χ  is the endometrial thickness. The state 
equation for endometrium thickness and final endometrium thick-
ness constraint are given by:

1
1 1( ) (0) ( )est

dx kC t x x ini
dt

α= =
     (6)

( ) ( )1 18x T x ini= +     (7)

The Lagrangian form of objective function (with maximization), 
including Equation (2), can be given 

1 10
max ( ) .( ( ) 8 ( ))

T

estC t x T x iniλ− + − +∫    (8)

We want to write the equations for the maximum principle for-
mulation, therefore, we add one more state variable.

2
1 2( ) .( ( )) ( ) 8est

dx C t x ini x T
dt

λ λ= − + = −
  (9)

Now we can write the objective function for the maximum princi-
ple formulation in terms of the state variables:

1 1 2 2( ) (J c x T c x T= + (10)

Where  1 0c =  and  2 1c = , then. 

2 ( )J x T=    11)

A Hamiltonian can be written in the form 
1 1 2 2H z x z x= + 

 
where 1z  and 2z  are adjoint variables. 

1 2 1 1.( ( ) .( ( ) .( ( ) 8 ( ))est estH z kC t z C t x T x iniα λ= + − + = + 	

(12)

A Hamiltonian must satisfy the relation 1

ni i
jj

dz zz
dt t=

∂
= −

∂∑  where 
Tz c=  and where if  represents the state equations. As such, we can 

use this relation to find the values of the adjoint variables.

1 1 2
1 2

1 2

. .dz f fz z
dt x x

 ∂ ∂
= − + ∂ ∂ 

   (13)

As Tz c=    

          1
1(0 1. ) ( ) 0dz z T

dt
λ λ= − + = − =  (14)

Integrating (14) results in

1( ) .z t t Cλ= − + (15)

By substituting the boundary condition,

. 0T Cλ− + =          (16)

.C Tλ=     (17)

1( ) . .z t t Tλ λ= − +        (18)

2 1 2
1 2 2

2 2

. . ( ) 1dz f fz z z T
dt x x

 ∂ ∂
= − + = ∂ ∂ 

(19)

2 (0 0) 0dz
dt

= − + =          (20)

Substituting the boundary condition,

2 ( ) 1z t =       (21)

Therefore,

1 1( . . ). ( ) ( ( ) .( ( ) 8 ( )))est estH t T kC t C t x t x iniαλ λ λ= − + + − + − +        (22)

Applying optimality condition,

1.( . . ). ( ) 1 0est
est

H t T kC t
C

αα λ λ −∂
= − + − =

∂ (23)

1
1( )

. .( . . )estC t
k t T

α
α λ λ

−=
− + (24)

We have the dosage profile as a function of λ .  The other condi-
tion this problem should satisfy is the constraint on final thickness, 
Equation (5).  We want to find λ  such that this constraint is satisfied. 
This involves an iterative loop for λ  on top of the maximum principle 
formulation, providing an analytical equation for the profile.  We use 
the secant method to solve this outer loop.  
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Results and Discussions
Previous work reported data from 41 patients undergoing in vi-

tro fertilization (IVF) (Table 1). The present study uses the same pa-
tient dataset to compare estrogen dosing strategies obtained using 
Pontryagin’s Maximum Principle with those derived from Nonlinear 
Programming (NLP), as well as with the experimentally administered 
dosages received by the patients. The Maximum Principle formulation 
was implemented using two treatment durations. In the first case, the 
dosing period T was fixed at 13 days, consistent with the duration 
used in the NLP formulation. In the second case, T was reduced to 10 
days for all patients to investigate whether shortening the treatment 
period could further reduce the total hormone dosage. Both Maxi-
mum Principle approaches were compared against two NLP models, 
one with a lower dosage bound of 0.0 mg and the other with a lower 
bound of 0.5 mg. Across all formulations, the resulting optimal dosag-
es exhibited substantial inter-patient variability. Figure 1 compares 
total estrogen dosages for each patient across the four optimization 
approaches (two NLP-based and two Maximum Principle–based). 
Overall, the NLP approaches generally produced lower total dosages. 
Figure 2 isolates the Maximum Principle results and compares the two 
treatment durations. For the majority of patients, reducing the dosing 
period to T =10days resulted in a greater reduction in total dosage 
compared to ( )13T =  days. Although the daily estrogen dosages were 
higher when ( )10T = , the cumulative dosage over the treatment period 
was lower. Figure 3 illustrates the daily dosing profiles for Patient 1 
under both Maximum Principle approaches. While the daily doses in-

creased for ( )10T = , the total dosage decreased to 17.8647 mg, com-
pared to 20.8658 mg when ( )13T = , demonstrating a substantial over-
all reduction. When Maximum Principle results were compared with 
the experimentally administered dosages, a consistent reduction in 
hormone intake was observed for all patients, similar to trends seen 
with the NLP methods. For this comparison, the treatment duration 
and final endometrial thickness were constrained to match the ex-
perimental values. As shown in Figure 4, more than 50% of patients 
experienced a reduction in estrogen dosage exceeding 10% relative 
to experimental dosing. These results indicate that the Maximum 
Principle framework has the potential to significantly reduce hor-
mone exposure in IVF treatments. For certain patients, the Maximum 
Principle approach outperformed NLP. For example, Patient 34 (Fig-
ure 5) achieved lower total dosages using both Maximum Principle 
formulations than with either NLP model. Specifically, total dosages 
of 22.2639 mg ( )13T = and 20.3496 mg ( )10T =  were obtained using 
the Maximum Principle, compared to 23.487 mg and 25.7892 mg for 
the NLP models with lower bounds of 0.0 mg and 0.5 mg, respectively. 
However, for most patients, NLP yielded lower total dosages than the 
Maximum Principle. Patient 31 (Figure 6) exemplifies this trend. The 
NLP models produced total dosages of 5.0509 mg (lower bound 0.0 
mg) and 10.4577 mg (lower bound 0.5 mg), whereas the Maximum 
Principle solutions resulted in higher total dosages of 15.7598 mg 
( )13T =  and 13.5318 mg ( )10T = . However, it should be noted that 
NLP profiles introduces discontinuity (zero dose or minimum dose on 
some days) in dosing that maximum principle does not.

Figure 1: Comparison of total optimized dosages for both Non-linear Programming approaches and both Maximum principle approaches.
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Figure 2:  Comparison of total optimized dosage when the treatment time, T, is 13 days versus when T is 10 days.

Figure 3: Comparison of the daily dosage for patient 1 for both T values.
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Figure 4: Histogram of the percentage of estrogen reduced from the actual dosage through optimal control.

Figure 5: Comparison of the daily dosages found through Maximum Principle vs. the daily dosages found through Non-linear Programming for 
Patient 34.
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Figure 6: Comparison of the daily dosages found through Maximum Principle vs. the daily dosages found through Non-linear Programming for 
Patient 31.

Table 1: Patients and personalized model parameters.
Patient # Actual Dosage Prescribed Alpha (α)

1 28 mg 3.1899

2 18 mg 3.7458

3 22 mg 3.4091

4 18 mg 4.1555

5 20 mg 3.4727

6 28 mg 3.2735

7 22 mg 2.4789

8 20 mg 2.8219

9 24 mg 3.7071

10 20 mg 3.2605

11 20 mg 3.7694

12 20 mg 4.103

13 22 mg 3.7467

14 28 mg 3.3824

15 32 mg 1.8197

16 18 mg 3.4607

17 18 mg 3.6539

18 22 mg 3.6336

19 16 mg 3.8053

20 18 mg 4.3072

21 18 mg 3.1453

22 18 mg 3.1397

23 19.25 mg 4.2567

24 24.5 mg 4.1354

25 14 mg 3.2224

26 14 mg 3.0897

27 20 mg 2.9072

28 12 mg 2.8281

29 28 mg 3.2031

30 26 mg 2.8936

31 20 mg 3.1175

32 22 mg 2.2665

33 20 mg 4.1688

34 32.5 mg 2.1367

35 34.5 mg 2.3937

36 22.75 mg 3.5715

37 56 mg 1.4969

38* 58 mg 1.2124

39* 62 mg 1.034

40 31.5 mg 3.01

41 34.5 mg 2.3999
Note: k= 0.0375.
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Limiting Case

Figures 1 and 2 in Section 3 show that, in both Maximum Prin-
ciple approaches, patient 39’s total optimized dosages of 58.98 mg 
and 60.21 mg far exceeded the other patients’ and was an outlier. This 
was an instance of a limiting case. Due to the patient’s alpha value 
being 1.034. This is because, as alpha approaches 1, the equation for 
the dosage results in an expression that is raised to the power of 1/0, 
making it undefined. So, to appropriately find the dosage, the deriva-
tion had to go back to the initial state equation.

1 ( )est
dx kC t
dt

α=
                     (24)

Essentially, as alpha approaches one, the relationship between 
the thickness and the dosage becomes increasingly linear; the dosage 
for each day will be a constant number. This means that the final dos-
age will be equal to the dosage at all other times, or:

1 10
( ) ( ) (0)

T

estx T kC t dt xα= = +∫       (25)

The initial thickness for the patient was 5.0 mm, and the final 
thickness was found to be 7.4 mm. Using those values, the dosage can 
be calculated as follows

2.4 ( )estkC t Tα=     (27)

2.4( )estC t
kT

α
 =  
            (28)

T, the number of days, in this case, was kept as both 13 and as 
10. When utilizing 13 days as the treatment time, the daily dosage 
was found to be around 4.537 mg per day, yielding a total dosage of 
around 58.98 mg, and when utilizing the value of 10, the daily dosage 
was found to be around 6.021 mg per day, yielding a total dosage of 
around 60.21 mg.

Conclusion
This study demonstrates the potential of optimal control theory 

to improve personalization in hormone replacement therapy for in 
vitro fertilization (IVF). By applying Pontryagin’s Maximum Princi-
ple to the problem of estrogen dosage optimization, patient-specific 
dosing profiles were generated that successfully achieved the target 
endometrial thickness while reducing overall hormone exposure. The 
proposed framework was evaluated using clinical data from 41 IVF 
patients and compared with previously developed Nonlinear Pro-
gramming (NLP)-based optimization methods. The results show that 
both optimization approaches significantly reduced estrogen dosages 
compared with experimentally administered treatment regimens. In 
many cases, patients experienced reductions exceeding 10% in cumu-
lative hormone exposure while still satisfying the desired endometrial 
thickness constraints. Although the NLP formulations generally pro-
duced lower total dosages, the Maximum Principle approach yield-
ed smooth, continuous dosing trajectories that avoided the abrupt 

discontinuities and zero-dose intervals frequently observed in NLP 
solutions. From a clinical perspective, smoother continuous dosage 
profiles may improve treatment adherence, simplify implementation, 
and better reflect realistic medical practice. The study also demon-
strated that reducing the treatment duration from 13 days to 10 days 
could further reduce the cumulative hormone dose for many patients, 
despite requiring slightly higher daily doses. 

This finding highlights the importance of jointly optimizing both 
treatment duration and dosage schedule to achieve more efficient 
IVF protocols. Additionally, the limiting-case analysis for patients 
with alpha values approaching one revealed important mathematical 
and physiological characteristics of the model and provided insights 
into cases where nearly linear dosage-response behavior occurs. 
Beyond dosage reduction, the proposed methodology contributes 
to the broader movement toward precision medicine in reproduc-
tive healthcare. Current IVF hormone replacement protocols remain 
largely standardized despite significant patient-to-patient variability 
in endometrial response. The integration of personalized mathemat-
ical modeling and optimal control methods offers a pathway toward 
individualized treatment strategies that can reduce unnecessary hor-
mone exposure, minimize side effects, and potentially lower treat-
ment costs. Future work should focus on validating the Maximum 
Principle–based framework through prospective clinical trials and 
expanding the model to incorporate additional physiological vari-
ables, patient biomarkers, and uncertainty in treatment response. 
Incorporating machine learning and artificial intelligence techniques 
alongside mechanistic optimal control models may further enhance 
predictive accuracy and clinical applicability. Overall, this work 
demonstrates that personalized optimal control approaches hold sig-
nificant promise for improving the safety, efficiency, and practicality 
of IVF hormone therapy.

Acknowledgment
This work was funded by NSF supplemental grant 2335090.

We used ChatGPT version 5.5 to correct the English in this man-
uscript.

Ethics Approval Section
All clinical work was conducted at the Akansha Hospital and 

Research Institute in Gujarat, India. The Institutional Review Board 
of Sat Kaival Hospital Pvt. Ltd. Ethics Committee, Gujarat, India, ap-
proved the protocol and consent forms.

Data Availability Statement
All deidentified data can be obtained by contacting the corre-

sponding author.

Competing Interest
None.

https://dx.doi.org/10.26717/BJSTR.2026.66.010325


Copyright@ :  Urmila Diwekar | Biomed J Sci & Tech Res | BJSTR.MS.ID.010325.

Volume 66- Issue 2 DOI: 10.26717/BJSTR.2026.66.010325

58581

References
1.	 Graham M E, Jelin A, Hoon A H, Jr Wilms Floet, A M Levey, et al. (2023) 

Assisted reproductive technology: Short- and long-term outcomes. Devel-
opmental medicine and child neurology 65(1): 38-49.

2.	 Diwekar U, Nisal A, Yenkie K, Bhalerao V (2020) Customized modeling 
and optimal control of superovulation stage in in vitro fertilization (IVF) 
treatment. Control Applications for Biomedical Engineering Systems, pp. 
383-403. 

3.	 Eftekhar Maryam, Sara Zare Mehrjardi (2019) The correlation between 
endometrial thickness and pregnancy outcomes in fresh ART cycles with 
different age groups: a retrospective study - Middle East Fertility Society 
Journal. Middle East Fertility Society Journal.

4.	 Kovacs P, Matyas S, Boda K (2003) The effect of endometrial thickness on 
IVF/ICSI outcome. Human Reproduction 18(11): 2337-2341. 

5.	 Aboulghar M A, Aboulghar M M (2023) Optimum endometrial thickness 
before embryo transfer: an ongoing debate. Fertility and sterility 120(1): 
99-100.

6.	 Gingold J A, Wu H, Lieman H, Singh M, Jindal S (2025) Increasing endome-
trial thickness up to 12 mm is associated with increased odds of live birth 
among fresh and frozen-thawed autologous transfers with or without pre-
implantation genetic testing. Fertility and Sterility 124(3): 478-486. 

7.	 Diwekar U, Bhoi N R, Gupta S N, Sharma A, Hota S, et al. (2025) A multi-
center randomized clinical trial with a novel decision support tool to im-
prove IVF SUCCESS. Reproduction and Fertility 6(3).

8.	 Diwekar U (2020) Introduction to Applied Optimization, (3rd Edn.)., 
Springer.

9.	 Jiang V S, Bormann C L (2023) Artificial intelligence in the in vitro fertiliza-
tion laboratory: A review of advancements over the last decade. Fertility 
and Sterility 120(1): 17-23. 

10.	 Salih M, Austin C, Warty R R, Tiktin C, Rolnik D L (2023) Embryo selection 
through Artificial Intelligence Versus Embryologists: A systematic review. 
Human Reproduction Open, p. 3.

11.	 Lanza S, Diwekar U, Patel N (2026) Deriving Personalized and Optimized 
Estrogen Dosage Profiles for Optimal Endometrium Thickness in In Vitro 
Fertilization Patients. Journal of IVF Worldwide, accepted for publication.

12.	 Coussa A, Hasan H, Barber T (2020) Impact of contraception and IVF hor-
mones on metabolic, endocrine, and inflammatory status. NCBI 37(6): 
1267-1272.

13.	 Asch Schuff, R H Suarez, J Laugas, N Zamora Ramirez, M L Alkon, et al. 
(2024) Artificial intelligence model utilizing endometrial analysis to con-
tribute as a predictor of assisted reproductive technology success | Pub-
lished in Journal of IVF-Worldwide. Journal of IVF-Worldwide 2(2).

14.	 Eftekhar M, Tabibnejad N, Alsadat Tabatabaie A (2018) The thin endome-
trium in assisted reproductive technology: An ongoing challenge. Middle 
East Fertility Society Journal 23(1): 1-7.

15.	 Papanikolaou E G, Oduwole O O, Peltoketo H, Huhtaniemi T (2021) 
Preparation of the Endometrium for Frozen Embryo Transfer: A System-
atic Review. Frontiers. Prato Luca Dal. Endometrial preparation for fro-
zen-thawed embryo transfer with or without pretreatment with gonad-
otropin-releasing hormone agonist Fertility and Sterility 77(5): 956-960.

Submission Link: https://biomedres.us/submit-manuscript.php

Assets of Publishing with us

•	 Global archiving of articles

•	 Immediate, unrestricted online access

•	 Rigorous Peer Review Process

•	 Authors Retain Copyrights

•	 Unique DOI for all articles

https://biomedres.us/

This work is licensed under Creative
Commons Attribution 4.0 License

ISSN: 2574-1241
DOI: 10.26717/BJSTR.2026.66.010325
Urmila Diwekar . Biomed J Sci & Tech Res 

https://dx.doi.org/10.26717/BJSTR.2026.66.010325
https://pubmed.ncbi.nlm.nih.gov/35851656/
https://pubmed.ncbi.nlm.nih.gov/35851656/
https://pubmed.ncbi.nlm.nih.gov/35851656/
https://www.researchwithrowan.com/en/publications/customized-modeling-and-optimal-control-of-superovulation-stage-i/
https://www.researchwithrowan.com/en/publications/customized-modeling-and-optimal-control-of-superovulation-stage-i/
https://www.researchwithrowan.com/en/publications/customized-modeling-and-optimal-control-of-superovulation-stage-i/
https://www.researchwithrowan.com/en/publications/customized-modeling-and-optimal-control-of-superovulation-stage-i/
https://pubmed.ncbi.nlm.nih.gov/14585884/
https://pubmed.ncbi.nlm.nih.gov/14585884/
https://pubmed.ncbi.nlm.nih.gov/40306566/
https://pubmed.ncbi.nlm.nih.gov/40306566/
https://pubmed.ncbi.nlm.nih.gov/40306566/
https://pubmed.ncbi.nlm.nih.gov/40306566/
https://pmc.ncbi.nlm.nih.gov/articles/PMC12278718/
https://pmc.ncbi.nlm.nih.gov/articles/PMC12278718/
https://pmc.ncbi.nlm.nih.gov/articles/PMC12278718/
https://pubmed.ncbi.nlm.nih.gov/37211062/
https://pubmed.ncbi.nlm.nih.gov/37211062/
https://pubmed.ncbi.nlm.nih.gov/37211062/
https://pubmed.ncbi.nlm.nih.gov/37588797/
https://pubmed.ncbi.nlm.nih.gov/37588797/
https://pubmed.ncbi.nlm.nih.gov/37588797/
https://jivfww.scholasticahq.com/article/157839-deriving-personalized-and-optimized-estrogen-dosage-profiles-for-optimal-endometrium-thickness-in-in-vitro-fertilization-patients
https://jivfww.scholasticahq.com/article/157839-deriving-personalized-and-optimized-estrogen-dosage-profiles-for-optimal-endometrium-thickness-in-in-vitro-fertilization-patients
https://jivfww.scholasticahq.com/article/157839-deriving-personalized-and-optimized-estrogen-dosage-profiles-for-optimal-endometrium-thickness-in-in-vitro-fertilization-patients
https://pubmed.ncbi.nlm.nih.gov/32215823/
https://pubmed.ncbi.nlm.nih.gov/32215823/
https://pubmed.ncbi.nlm.nih.gov/32215823/
https://jivfww.scholasticahq.com/article/115893-artificial-intelligence-model-utilizing-endometrial-analysis-to-contribute-as-a-predictor-of-assisted-reproductive-technology-success
https://jivfww.scholasticahq.com/article/115893-artificial-intelligence-model-utilizing-endometrial-analysis-to-contribute-as-a-predictor-of-assisted-reproductive-technology-success
https://jivfww.scholasticahq.com/article/115893-artificial-intelligence-model-utilizing-endometrial-analysis-to-contribute-as-a-predictor-of-assisted-reproductive-technology-success
https://jivfww.scholasticahq.com/article/115893-artificial-intelligence-model-utilizing-endometrial-analysis-to-contribute-as-a-predictor-of-assisted-reproductive-technology-success
https://www.researchgate.net/publication/321986347_The_thin_endometrium_in_assisted_reproductive_technology_An_ongoing_challenge
https://www.researchgate.net/publication/321986347_The_thin_endometrium_in_assisted_reproductive_technology_An_ongoing_challenge
https://www.researchgate.net/publication/321986347_The_thin_endometrium_in_assisted_reproductive_technology_An_ongoing_challenge
https://dx.doi.org/10.26717/BJSTR.2026.66.010325

