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Confor-

This work aims to apply geometrical methods in generating an interpolated trajectory using polynomial func-
tions to simulate medical procedures. Translation and rotation are represented using dual quaternions, a math-
ematical tool that provides a unified and compact representation of complex problems. The approach involves
converting dual-quaternions into motors—operators that facilitate the rotation and translation of virtual points
to align with real points. These motors are processed using an interpolation method based on geometric algebra,
then transformed into coordinates and orientations. Finally, an industrial robot executes the interpolated tra-
jectory in real time, enabling its interpretation as a suture maneuver, implant placement, ultrasound procedure,
or incision. This work highlights the efficiency of geometric algebra in modeling geometric entities, offering a
less complex alternative to matrix algebra while providing greater flexibility in representing various problems
through geometric elements. Additionally, we introduce an adaptive PID control law for motion paths in an open-
chain haptic system. The plant’s identification is achieved using a Quaternion Wavelet Neural Network, which
optimally tunes the PID values, ensuring precise movement within the workspace.

Keywords: Conformal Geometric Algebra; Dual Quaternions; Motors; Conformal Transformation; Direct Kine-
matics; Invers Kinematics; Interpolation; Robotic Surgery

Introduction

Surgery is a medical specialty focused on healing injuries or

structured objects. Geometric algebra, which stems from the works
of Grassmann [1] and Clifford [2], was further developed by physi-
cist David Hestenes [3]. Notable contributors to this field include

diseases through operative procedures. It involves manual or in-
strument-assisted techniques, where precise suturing is essential
for success. Robotics, a branch of engineering, supports the design,
construction, operation, and application of systems capable of per-
forming various tasks. The primary goal of robotic systems is to re-
place human intervention—whether for economic, industrial, or
safety-related purposes. Robotic manipulator arms have proven es-
pecially useful, offering high precision in executing commands from
operators. Their applications span from industrial settings to medical
environments, including training scenarios. On another front, geo-
metric methods offer a formal approach to analyzing geometrically

Bayro-Corrochano [4], Perwass [5], Hildenbrand [6], and Dorst [7].
Geometric algebra is a mathematical framework that blends abstract
algebra with geometry. It examines various algebras that represent
geometric manifestations of polynomial equation solutions, making it
a powerful and flexible tool [8]. One key aspect of geometric algebra
is interpolation, which offers competitive advantages over other al-
gorithms. It tends to eliminate redundant coefficients, maintains geo-
metric intuition, and is both compact and efficient. As such, geometric
interpolation holds significant potential in developing algorithms for
efficient medical interventions.
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For example, geometric interpolation allows robots to develop
jobs of high accuracy. In this paper, the way of interpolation appli-
cated will be an algorithm of interpolation in the quadratic of Study
with geometric algebra because, on some occasions, the desired way
has discontinuities or breaks. The objective of this assignment will be
to use geometrical methods for its application in the creation of in-
terpolate trajectories, with polynomial functions, that simulate some
types of medical interventions. The operator (surgeon) wills supply
implicitly the coordinates and the orientations of the desired points
and will be transformed into a combination of theory using dual num-
bers and quaternions called dual quaternions with the aim of gen-
erating achievable surgery paths for a “MOTOMAN” industrial robot.
Haptic devices for surgery tasks have non-linear dynamic properties
where diverse contributions consider linear approximations for to
control the system in an optimal region of space, however, it does
not guarantee convergence in other neighborhoods [9-12]. Robotics
and haptic systems have allowed new and diverse applications in the
field of medicine, such as assisted surgery and teleoperation which
have increasingly stringent requirements for accuracy, convergence,
and low computational consumption. In this paper, we present alsoan
adaptive PID control law (Proportional Integral Derivative controller,
PID), of indirect architecture is presented for movement paths in a
haptic system of open chain, where the identification of the plant is
through a quaternionic wavelet neural network (Quaternion Wavelet
Neural Network, QWNN) for tune the PID values, this allows the opti-
mal movement into the regions of the workspace.

The organization of this paper is as follows: Sect. 2 outlines geo-
metric algebra, motor algebra and quaternion and dual quaternion al-
gebra. In Sect. 3, we explain the Kinematics of a serial robot arm. Sect.
4 explains the algorithm for interpolation. In Sect. 5, we explain the
algorithms for trajectory planning. Sect. 6 explains the design of the
Quaternion Wavelet Neural Network. Sect. 7 describes the techniques
for robot maneuvers in liver surgery. Sect. 8 presents Wavelet Neural
Network for Adaptive PID Control in Haptics. And, finally, Sect.9 is de-
voted to the conclusions.

Geometric Algebra

Geometric algebra is defined as a G, algebra, which is generated
by a vector " with n dimensions and a set of vectors withorthonor-
mal base{ee,-¢,} . If we propose two base vectors whatever{e,,ek},
a algebra is gotten by a product and denoted by:

€€ =€, )

Where the product by two base vectors is orthonormal and
non-commutative:

€6 =€ e (2)

Base vectors must have the next property:

+lfori=1,...,p

—lfori=p+L..,p+queeennn.. 3)
Ofori=p+q+a,...,n

ece = =

() i

This product is known as geometric product of G, with dimen-
sion n= p+q+r,wherep,qand rare non- negative entire. The num-
ber of elements is equal to:

ZZ-{Z] =2 (4

Which are homogeneous subspaces with 0 grade (scalar), 1 grade
(vector), 2 grade (bivector), 3 grade (trivector), ... and n grade.

For example, if we have a geometric algebra of with base mul-
tivectors:
Le,e, e e, eyl =

Now, we can define the inside product as:

a.bz%(ab+ba) ............ (6)

And the outside or wedge product:

a/\b:%(ab—ba) ............. (7)

In this form, geometric product can be expressed now as:

ab=ab+anb......... ®)

Where a.b=b.aandanb=-bAra.

Finally, we can view in the previous equations that the point prod-
uct makes a scalar while the wedge product makes a bivector [4].

Conformal Geometric Algebra

Conformal geometric algebra is an interesting case because we
can find that its unit element is the sphere, and it allows us to repre-
sent other geometrics in terms of primitive entities. This is possible
by representing the Euclidean spaceR"inR™!! (RPis a vectorial space
of n=p+q dimention on the field with signature(p,q) [13].

There is a set of base vectors with the next properties:

e =Li=l e, ©)
e, =%l (10)
e.e.=e.e =e.e =0,i=1,...,Au...... an
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€, =€ +€, . (13)
Where:

e =€ =0rrerrnnn. (14)

e,.6=—loueeinn. (15)

While pseudoscalar
(set of vectors that square up in a positive number, negative number and zerol, =e, ,)E€R"

is defined as:

E=e e, =e "e =ee (16)
Where:
E’ =1 (17)
E=-E (19
En=e == g
E, =—e E=
* (20)
E, =-¢,E=g¢, 21)
1-E=-e_e, 22)
I+ E=—epe, 23)

Conformal Transformation

When we work with geometric algebra, there are operations of
transformation that use invertible multivectors through geometric
products. There are 2 types of geometric products of invertible mul-
tivectors called versors too:

Uneven Versor:

Even Versor:

Where V is the multivector of transformation and O is the geomet-
ric parameter for transformation [8].

Quaternion Algebra

Quaternion numbers were discovered by William Hamilton in
1843. These numbers represent four-dimensional space and are com-
posed of a real part and three imaginary parts. The four-dimensional
quaternion algebra H [13] is associative, non-commutative

H=1{9=9,+q9,i+9,j+9.k19,:9,,9,,9. €R}ecevrverrnirrenr. (26)
where the orthogonal imaginary numbers i, j, and k fulfill
PP=j= —Lk=ij= —ji>k’= —lucernnn. (27)
A quaternion is conjugated as follows

The modulus of the quaternion q = g+ q i+ q+ q,k is defined by

lq| =Jaq = Ja' +a2+q +q” (28)

Given q,peH

|q|=‘3|,andq}9 =4,
|qp| = |pq| = |q||p|, .................... (29)
|q+p|§|q|+|p|.

One computes the inverse of a quaternionwithg different to ze-
ro,as follows

A pure quaternion is a quaternion with its scalar element zero g,
=0
9, =4q,4+4q,j+4q.k,

and a unit quaternion is given by

q. :S+Xi+yj+2k7f0r|| q, ||

The polar representation of a quaternion q = q,+ q i+ qj+ q kis

ip ky/ ]9
b

q=lqle’e

where the phase ranges are delimited as follows:

n T
(¢705V/)|: T 7Z'|:X[—E E[ [_Z Z:|:|e
Dual Quaternions

In 1882, Clifford introduced a combi-
nation of the theory of the dual number
(z=r+de, wheree is the dual operator,is the real part and the dual part)

with the quaternions q=w+(xi + yj+ zk), where,, y are numerical val-
ues and, y are the imaginary components), which Clifford called dual
quaternions [2]. Dual quaternions can represent rotation and transla-
tion. They are formed by 2 quaternions called real and dual part, with

4 parameters each one:
q9=49,+9,¢
The operations used for this coupling are:

Multiplication by a scalar (where s is scalar):
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Motors can be separated by multiplication because they are made

8q =5q, +5q & ............... (33)
by rotation and translation successive, which they are called rotor
Addition: and translator:
' d d
M=TR = —la,— la,— |l 41
Q9 =q,+q,+ (G +G)E e (34) s (”C aﬂ‘2j+(a5+ aczj 4
Multiplication: Where:
A, =COS—..ccorrrennnne (42)
949, =499, +(quqd2 +qd1qr2)g ---------- (36)
Conjugate: . 5
4 =G @, 37 g =S e (43)
Magnitude: where d is the distance of displacement and 1is the axis of rotation.
”q” =4qq .......... (38) In Euler terms:
M:cos(g+lﬂj+sin(g+lijl ................. (44)
Motors 2 2 22

Clifford introduced motors with the name of biquaternions [4]. Some of their features are:

301 (Gy g, s @ special geometric al Ma =aM wherea e R..................... (45)
(when a subalgebra is shaped by

They are in the subalgebra a of G

gebra or deformed on R ) as G, |

vectors of base grade of a G algebra, it will be denoted G *): |M| MM = (46)
Leye;,ee,ee,,ee,ee,,ee,l......... (39)
For motors to be isomorphic to dual quaternions, it is necessary - -
that they meet the condition: M=RT .. 47
2
" =0, (40) See in Figure 1 a depiction of the screw motion on 1 axis, where

the motion is carried out by a motor.

(a)

Figure 1: Screw movement on | axis.
a) Motor with 2 axes,

b)  Motor applied to an object and
¢)  Motor without displacement [1].
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Kinematics

Direct Kinematic

Direct Kinematic help us to find the solve for problems relation

Figure 2: “"MOTOMAN" robot.

with individual joints for the robot, the position and orientation of
end effector. According to this work, the “MOTOMAN” robot of Con-
trol laboratory in CINVESTAV is showed in Figure 2. With the previous
information, we can compute theDenavit- Hartenberg parameters as

shown in Table 1.

Table 1: Denavit- Hartenberg parameters of “MOTOMAN” robot (*variables).

i a a d 0
T
1 a1 - 5 0 91
« T
2 az —7T 0 92 - E
T
3 a3 E 0 03*
T
4 0 -5 d, 0,
T
5 0 B 0 0,
6 0 0 d, 0,
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Figure 3: Frame of coordinates of “MOTOMAN" robot.

Using the robot dynamic and its lengths, we will select the next

R)(Gyseerq, )= Reerrrn 52
frame of coordinates (Figure 3) ! (% q,,) (52)

Using Denavit-Hartenberg parameters of Table 1., the Homoge-
(]
neous Transformation Matrix Tg is

H=T"= A Ay ALAAA, ..o (48)

og(ql,...,qn)=o ...................... (53)

Where R is the desired rotation and is the desired position. We
are given O and R and the inverse kinematics problem is to solve for

hy, 4559,

hy

_ hy hy by hy, (49) The “MOTOMAN” robot has 6 joints, which the last 3 joints inter-
hy hy, hy Ry, sect at a pointo_, so we can make a decouple. With this information
0O 0 O 1 and solving some equations, we get:
o
where: ¥
. o O=]0, |ceeeerrueenn. (54)
cosf, —sinf cosa, sinfsine, a,cosb, 7
sing, cosé cosa, —cosbsing, a;sin, o;
4= R R I (50)
0 sinsina, CoSCos d,
0 0 0 { o ha N
R=|r, 1y Pyl (55)
0 0 r, n, T
R’ o 31 T 733
0
e e R (51)
0 1 /
xc Ox 6’/13
0,= =10, =17y [cereneneeenenn 56
We can get the orientation and the position of end effector with e T Ve yoex (56)
0 —
R¢ matrix coordinate and 02 vector coordinate respectively. Z, 0. —lgry,

Inverse Kinematic Due the movement of the machine and using the plane projection,

it allows us to deduce:

6, = Atan(Xoy, Yoy )eveeeeveereveeenne. (57)

Inverse Kinematic help us to find the joint variables for the posi-
tion and orientation of the end effector:
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(.T 04 ﬂ‘ﬂh ;04)

v

e T T T PP PP PP P PP TR TP PP PT TR = A 'S
Figure 4: Inverse Kinematic Model. (a1,0,0) r
Using the plane projection and some geometrics methods, the For the next three movements, we can use the next knowledge:
solution is gotten with the next form: R o0
AAA =" S IO, 67)
Where the conclusion is (Figure 4) RS0
0 == Bt (58) R o
2 AAA =] 7 7 e (68)
0 1
Where:
-1 T
R=RIR; =R =(R)) R=(R}) Recocccceeccer. (69)
a= Atan(cos(oc),—\/l—cos2 (a)) ................... %59)
., ., As Ré’ is a function of ;6 and 6 we can get:
r+z,—S —a
cos(ar) = 0; 2 e (60)
sa _ 3 3
2 O, =atan(—R;, 55, R 113) eeeerveroveneenens (70)
2 2
P =Xy 4 Yoy = Qpeveeeereeeeeeinncnnes (61) —
0, = atan(,/1—(R6M33) R ). (71)
B =asin(2)
= — 3 3
s Oy =atan(—R; 55, =R 51)-cveeeeeeivenenncns (72)

In the same form, due the movement of the robot, we get:
Continuing with the operations, the next equation is obtained:

4 O =—0 .o, 73
0, =76+ . (62) s =0 (73)
2
Interpolation
y =—atan sm(a)s _______________________ (63) In this work, algorithm of interpolation in quadratic of study
a, + (scos(a)) with geometric algebra is used as method of interpolation, because,

on some occasion, the decided trajectories have discontinuities or
o= atan(zM, 7’) .................... (64) breaking. The interpolation algorithm which is based in mapping of
movements in study quadratic says: Through a mapping, can be rep-

Due the movement of the robot and its initial position, we can get: ~ resented whatever rigid transformation as homogeneous vector in a

0, =—(0,=90).....oreereernnn.. (65) projective space:
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a—)x:{xo,...,x7}T ..................... (74)

X should be the following:

XX, X, X5 + XX + XX, = 0 (75)

Now, if there are 3 homogeneous vectors X, X, and x,, then we
can represent a curve of interpolation, which is shaped by a group of
vectors and corresponds to a tracking:

A (0)XTOX,X, + /(1) XIOX,X, + £,(1) XIOX X,

c - (76)

Where f,(?), f,(t) and f,(t) are the polynomials of interpola-
tion and are given by:

Fo(£) =g =)t =)t =1 )t = 1)) (77)
1) =@ = 1)t =) (E = 1) = 1)), (78)

£ (2) =t = 1)ty =t)E =1 )(E = 1)) (79)

Where t is the value of interpolation that goes to 0 and 1 while
t, t, and t, are points of the curve where homogeneous vectors co-
incide with the interpolation vectors. Q is a bilinear matrix of study
quadratic:

Table 2: Table of equivalences [9].

Vector Homogeneo | Cuaternion Dual Motor Motor
X, a, a, a,
X1 all ae, qa, e,
XZ al’ aZ e31 aZ e31
X3 a:f (13 e23 aS e23
X4 a: C[4 el234 C[4 elZSt
X N a5 €, a5 €5
X6 af a6 e42 a& evZ
X, ast ae, ae,

For this work, we use mapping by motors, because, in previous
works, this method has been used and given best results with respect
to time of implementation [8]. Now, we know that:

7
XaTQXb = ZXu,XbH
i=0

In case of motors, if the previous equation is substituted and if we
see the blade appropriate:

6
MM, =M, M, =M M, +M,M, ... (82)
i=1

000O0OT1O0O0O@O
0000O0OT1O00D0 Using the throwback operations:
000 O0O0OO0OT1@®O - 7
00 0 0 O0O0 0 1 Ma Mb :(zMa,Mb“ ]emw ................... (83)
o= = e (80) =
1 000 0O0O0TO
0100000 0 Extracting the blade coefficient and using partial derivatives, we
can get:
00100000 oo (DKM, (0 KM, + £, () KM, .
0001000 0 = S
- - Where: X
As in the previous case, homogeneous pointscan be gotten by K,=MM,.... (85)
mapping of quaternions or motors, too: (Table 2 .
pping ofq (Table 2) K =MyM, oo (86)
K,=M/M,........... 87)
(Algorithm 1).
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Funcién Interpolacién(X ,i):

Entrada:
interpolacién.
Entrada: ¢ :

M : Conjunto de N motores base necesarios para la

Variable de interpolacién en el rango de 0 a 1.

Salida: M, : Motor que representa la nueva posicién del punto

inicial.
inicio
si |[M| es impar entonces
si |[M| =1 entonces
| Mp=M
en otro caso
Mec+— @

.‘lrnr( -1

Jo— (to—t;)(to = t2)(1 = ;) (t ~ 13)
Jie— (& = to)(ty = E)(E ~ to)(t ~ t2)
Jae— (t2=to)(t2 =t (£ = tp)(t — 1;)
para i «— 2 a |X|- 1 hacer
Ky «— Coeficiente ((1.’,?{}[)
K1 «— Coeficiente ((,Uiﬂ;)l)
K, «— Coeficiente ((,Ulﬂ}):)
s JoK oMy + fi Ky M + fo KoMy

fin

fin

fin
devolver Mp

fin

Algorithm 1: Motor interpolation is based in geometric algebra [9].

Trajectory Planning

Motion planning is developed by algorithms oriented to medical
robotics and the use of various conformal algebra techniques such as
those presented above, for application purposes.

Organ Record

For surgery, it is necessary to register the pose of the real organ
with its representation in the virtual world and it consists of obtain-
ing a series of points, corresponding to important positions. Once

5

Mp «— Interpolacién(Mc,t)

the registration is done, the surgeon cancollate key cuts and surgi-
cal routes. To perform this operation, it is necessary to determine the
motor , we can correct the position of the virtual organ according to
the real one. This operation is expressed as: according to the real one.
This operation is expressed as:

The registration of an organ allows us to always know the posi-
tion and orientation of important points for the surgeon (Figure 5).
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Figure 5: Organ record [9].

Surgical Cut

For surgical cutting it is important to know the position and ori-
entation of the instrument with respect to the surface of the organ. To
calculate the incidence between the scalpel and the surface of the or-
gan, the plane of the surface represented three points = p, A p; A p,
is taken and for the line of incidence of the scalpel two points
L= p, A p, that describe its contour as shown in figure. This relation
can be expressed by equation 89:

O =L+ LA, (89)

Ifo,, = 0, it means that the scalpel is on the surface of the organ
and if o, < 0, the scalpel has penetrated the organ.

Ultrasound Routine

Ultrasound allows us to locate contours, regions of interest of the

Figure 6: Plane and scalpel for surgical cutting.

organ and determine the position to adequately visualize the task to
be performed on the organ. By means of a function we can determine
if the ultrasound sensor is correctly positioned on the contact surface,
this is possible thanks to equation 90.

A plane is calculated with three points Xusl ,,on the face of the
probe B
=X

usl

AKX

us2

D G 1)

and a plane on the surface of the organ, which is also calculated
with three points

D, CINND. CHNVND, S (92)

Figure 6 illustratively shows the incidence planes for the test lead
and the contact surface (Figure 7).
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Figure 7: Representation of incidence between planes.

Suture points are assigned around the wound, these points are marked and
transferred to the virtual organ, Figure 8 shows some selected points

The last step after surgery is to suture the wound. For that some . -
P sery and Figure 9 exemplifies the suture.

Figure 8: Selection of suture points.
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Figure 9: Suture closure.

First, we have to calculate T to move from one point to another:

T=l+e (——L
. ( 5

Wherex, and X, are a pair of points to join, then we translate the
needle to the opposite point, that is, a simple translation from one
point to another opposite point.

Z=TZT... (94)
Design of the Quaternion Wavelet
Neural Network

The QWNN is first designed in a similar structure to the RBF de-
scribed in [14] with an infinite impulse response (IIR) filter on the

output, where the activation functions are L|JQI[kT]EH in pure qua-
ternion form that incorporate daughter wavelets ljJQ”,j,k[kT], resulting
from mother wavelet functions LpQ[i,j,k,[kT]Of type RASP1.

Recurrent QWNN

Thestructure of the recurrent QWNN is simpler because the coef-
ficients chln[kT]and de’n[kT] are converted into weights, with recur-
rent delays as shown in Figure 10. Also, Sanchez Camperos in [14,15],
names a similar recursive topology as the”state space model”. The
parameters WQPII[kT],ng’,[kT]and aQ,[kT] €H, are described in their
vector form as:

WokT] = [y o[ KT Jwo, o[ KT |-we, , [ #TIT',
By [KT] = [ bgg| KT Jbg [ KT b, [ KT,
Ay [KT] = [ag|[ kT Jag,[ KT |ay, [ kTIT.

1"0[ (k-1)T} lu@[kT]

ol (k-N)T]

VolkT]

€

A J

—3 1——l

Figure 10: Recurrent QWNN.
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The Least Mean Squares (LMS) method is used to minimize the
cost functions, with their n-*output from the network, as follows:

E,[kT] :[ [ KT |Eg,[ KT |rEy, [ kT
E, [kT]= ZeQ [£T]
where

e, [kT] =y, [KT] =0, [AT] € H is the estimation error. E,[KT]
is minimized using the gradient descent method, for each parameter
by the chain rule:

_aE KT W, [KT ), [KT 1w [KT] ]
0y, [KT] oW, [KT]
OE,[KT] _| OF,,[KT) 0W,, ,[KTIp,[KT] Wopa[KT]
OW,[KT] | Oy, [KT] oW, KT
OE,,,[kT oW, , [KT 1 [kT 1wy 1 [kT]
0y, [KT] oW, ,[KT]
[ 5¢1[/€ 1= ]
aEQp [kT] Qp,l[k ] Qg l[kT] stl[kT]
Oy, AT W, [KT]
5%[” ] -
OE[KT] | OF,, [kT] WoplKT] abgg ey 2T
OB,[KT] ~ | 3y, [KT] oWy, [KT]
op,[kT] -
GEQp[kT] aI/VQPL[kT] QGL[k ]WQPaL[kT]
Oy, IAT] W [KT]
i op[kT] - T
o5 [T oWy IKTT - PHE o T Wopi[KT]
0y, [KT] oW, [KT]
op,[kT] -
OE,KT] | 0E,, [KT] Wopal AT, gy oLKT] woral T
OALIKT] ™ | By, [AT] Wyl KT]
5(/&[’{ ] -
aEQp[kT] 0WQp7L[kT] 7@; AT wop,[kT ]
Oy, [KT] ow,, [kT]

The partial derivatives corresponding to the descending gradient
ofAQ, BQand WQare:

oE, [47]
o, [4T]
oy, [#T] _{0 Oy, [KT] . Oy, [AT] .
0ay, [£T] ay,; [kT] 0ay, ; [kT]
al/’gmk [kT] 4

G [FT]

=€ [kT]’

E}

aww [kT] k}

Oagy [KT]

3
: /4
gy [KT ] {a - [kT]+1]

01(i,j k)

Gth[kT] W, [KT] 6‘»”Q1j[kT]k}
(k71" @by, [T, [4T]

le/[
\[#7]

al//l [kT] {0

oo 7]

al//Ql (i.),k) [kT] Uy,
b J[kT]

Qél

(,A,Ak)[”]

Vao1i,.x) [kT] [}/[kT] ]

[£T] "

lel]k

0g,1(i,j.k)

—2u +2b,

0g; ;1) [AT] 0g.1(i,j.k)

gy 0 [FTT [M ]

7=J[i(<sgg,l>[kr1ﬂ

g=1

The minimization of E [KT] in terms of weights W, [KT] is pre-
sented as a function of the Euler angles (¢, 6and V), which has direct
equivalence with the rotation matrix of the form ZYZ [10], or in terms
of quaternions by k, j and k. Where we can decompose the rotation of

a quaternion into three unit rotations w WQeand w,, as follows

P’
_ Owp[KT) Ay [T]
o aw 00y [kT]

{aww [KT Jwgq [KT]wy, [kT]’mgqb[kT]wge[kT]%e[kT]}

[#7]

09Oy

where JopoyTEPTESENES the Jacobian of the weights in the next
equation

™

J Qboy=Jos Joo Joy ]

[kT]l [kT] ow, [kT]iw ow, [kT]ﬂw
o [KT] oo [KT] Owg, [#T] }
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Considering each quaternion in rotations ¢, 6and Ywe can repre-
sent it in Euler form by:

Wo, [KT'] = cos (g} +sin (gj = e@kl
Woq [KT]= cos (g) +sin (g] j= e[gj],
Wy, [KT ] = Cos[%) +sin (%j j= e[%"],

Each component of the Jacobian is defined as as follows

ow, [kT | 2w, [T ]
T T G g [AT ]
8e((;) k)wgg (KT )y, [KT) gy [T 7, [kT]e[—i)k)
B oWy [KT]

Vectors A4,B and W, are updated, in proportion to the learning
coefficients p_p, and p as follows: the gradients AA, AB, and AW, are
vectors for the update, where each element has three quaternions and
the real part is the function of the gradient on i, j and k respectively for
each element of the vector A and B.

_er[kT]JaQWHW ]
€on [kT]Janew
OE,[kT]
AAQ (NKT)=—"—=
04, [KT]
| €0, (KT 10140, |
_er[kT Voggg0n |
ool kT 94240,
OE[kT]
AB,(r)(kT)=———=
OB, [kT]
| € lkT 1 454190 |

Therefore, the updating of Aaand Basa function of pure quater-
Bo[(k+1)T | =B, [kT ]|+ u,AB, (r)[KT],
Ay [(k+1)T | = 4, [T+ p,A4, (r)[KT].

nions is:

In the weights, W, the real part of each element of the vector
constitutes the gradient at ¢, 6, and Y

_er [kT]JWQp,IWV/ |
oo KT 1 wop 240,
O [kT]
AW, (r)(kT) = —2——= =
oW, [KT]
oo KTV w0p 1900 |

The weight can be updated in two ways, in the first method we
can update the angles (¢, 6and ) with the real part of the gradient
and perform the quaternionic operations to obtain W, [(k + 1)T] in the
following way:

D[ (k+1)T ] D[kT]
O[(k+1)T | |=| O[KT] |+ uwAW, (r)[kT],
l//|:(k+])T:| w[kT]

subsequently, the quaternion is updated in all three axes,
wo [ (k+1)T | = wyq [(k + DT wpy [(k + DT wpy [ (K +1)T ]

The second weight update method is the quaternionic product
between the weights and the real part of the gradient (pWAWQ(r) [KT]),
as shown:

Aw, [kT| = Aw,q, [KT | Aw,y, [KT | Aw,yy, [KT],
wo [ (k+1)T ] =w, [k Aw, (r)[KT]-
Both update methods are equivalent, however, the implementa-
tion of the first one has an advantage because it normalizes the qua-

ternion in each iteration and the second one would require an addi-
tional normalization stage.
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Figure 11: Adaptive PID Controller.

Adaptive PID Controller
The indirect adaptive PID controller (Figure 11), has three stages:

1.  System identification (QWNN), its inputs are the estimation

error e[KkT] and the control signal u[kT], the estimated plant y"[kT] aEQ [kT] = 0E [kT] 6y[kT] Ou [kT]

AKp=p = U
and the Jacobian /,, [KT] are the outputs. " 0Kp [kT] " oy [kT] Ou [kT] ﬁKp[kT]
2. Thediscrete PID controller has as input €[kT] which is error y[ T]
and output signal u[kT]. = uPe [kT] [ ] [ € [kT] & [(k - 1)T:|:| ’
3. Auto-tuning in this stage the gains k, [KT], k, [kT] and
k., [kT], are updated. The discrete PID control [4]P which lel:ads to the AK:’ =u, aE[kT] =u, aE[kT] 6y[kT] 6u[kT]
referenceyref [KT], is presented by the Equation 40; with € [kT] =Y Gy[kT] 8y[kT] Gu[kT] 6Kl.[kT]
p[kT] -y, [KT] as the error. The gains kpmp[kT], lntp[kT] and kDerp[kT] 0 [ kT]
Y
correspond to the control law and are modified by the QWNN, M E kT —— Su[kT] &plkTT,
wp[(k+1)T J=u, [k )k, [kT &, ], [(£=1)T |+ by, [6T][ 2, [KT]-2, [ (1) T+, [(k=2)T ]|, [ET]e, [T
The updating of parameters does not require a device model, be- =1 OE[KT] =u, OE[KT] Oy[KT] OulkT]
cause the QWNN approximates the plant and allows updating the co- oK ,[kT] OV[kT] oulkT] OK ,[kT]
efficients kpm [KT], k iy [kT]and kDer [KT], as shown: OV[kT]
= o [TV 126, [k =0T ], [(6=2)T 1]
Kpvop [KT] = oy, [ (K=1)T ]+ AK,
kyy (KT =k, [ (k=1)T ]+ AK,

Koy [KT] = ke, [(k - 1)T] +AK, -
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Where
a(”Q/(,,j,k)[kT] _ qu(i,j,/()[kT] _ng,l([‘j‘k)[kT] _ _qug(i,j,A)[kT] + szg,l(i.j.k)[kT]

Quy, o [KT] 2 3
0g,1(i,j.k) V4 2 V4
Yao kTl ————5+1 Ao i kT | ————5+1
Ol(i,j.k) an(i,j,k)[kT]z Ol(i,j.k) aQI(i,j,k)[kT]z

The constants p, p, and p,are the learning rates of the discrete
PID controller gains.

Robot Maneuvers in Liver Surgery

For the investigation to be a success, we apply the previously ex-
plained concepts in real time. The objective is to make some kinds of
trajectories in Cartesian space through the MOTOMAN robot (implant
of an object, cutting, ultrasound and suture evaluation maneuvers).
The user gave the desired points with their respective coordinates
and orientations, which would be interpolated in geometric algebra.
The next information are the results of these experiments. Figure 12
shows two forms of implantation in the liver. The first one (a and b) is
a kind of sewing called US trajectory and the second one (c and d) is
MSLERP interpolation. Both pairs of trajectories are displayed in Car-
tesian plane (b and d) and over the liver (a and c).In Figure 13, the US
Trajectory interpolation exercise takes 12 maneuver points with 50
points between samples, having a smoother movement. In this way,
we can determine a trajectory with good resolution and coordinated
movements in a single mathematical operator (motors) (Table 3). To
evaluate the Inverse Kinematics, Table 3 shows us the percentage of

errors of position and rotation of the final effector with respect to the
desired position, these being very low, so it can be said that the preci-
sion is acceptable for a surgical intervention (Figure 14). In Figure 14,
the MSLERP interpolation is implemented in a 2D view, with the blue
polygon being the implant. The trajectories are curved and smooth,
allowing a better grip between the object and the organ (Table 4). As
in the previous case, Table 4 shows us the percentage of error in posi-
tion and rotation of the end effector and in the same way, the results
show that inverse kinematics works for any type of trajectory, having
favorable results. Figure 15 presents the cutting path. It is observed
that the points were interpolated to obtain a smoother trajectory. We
can visualize the points generated by the planes on the surface of the
test model, to establish the cut penetration function. The interpola-
tion of points for the cut is carried out with 50 points per section,
which allows us to obtain 250 points for the entire execution task. The
ultrasound trajectory is presented in Figure 16. We can visualize that
the trajectory of the points is taken based on the previous maneuver.
The trajectory in the ultrasound movement is established by taking
the previous planes and we generate pairs of planes like those estab-
lished in the cutting sequence (Figure 17). Finally, Figure 18 presents
the suture trajectory, where there are 5 trajectories (red, green, dark
blue, sky blue and purple) with three reference points each in 3D Car-
tesian plane with millimeters scale. For real time, Figure 18 shows
the main steps where the MOTOMAN realized the previous trajecto-
ries. The step was in milliseconds scale avoiding overlaps and delays
in each interpolation. An object whose design matched the size and
shape of a kidney was used for movements that were the closest thing
to the reality of a surgical procedure.

Table 3: Error of US trajectory.

Copyright@ : Eduardo Bayro- Corrochano | Biomed ] Sci & Tech Res | BJSTR.MS.ID.009575.

Percentage Error
X y z R R R,
1 0 0 0.0005 0.001 0.0018 0.0049
2 0 0.0013 0.0022 0.0008 0.0061 0.0043
3 0 0.0021 0.0005 0.0007 0.0105 0.0014
4 0.0006 0.0025 0.0005 0.0008 0.0035 0.0021
5 0.0003 0.0017 0.0016 0.0004 0.0079 0.0002
6 0.0001 0.0032 0.0005 0.0005 0.0079 0.0026
7 0.0005 0.0024 0.0011 0.0011 0.0061 0.0029
8 0.0005 0.0012 0 0.0007 0.0079 0.0005
9 0.0001 0.0008 0.0011 0.0009 0.0079 0.0015
10 0 0.0004 0.0011 0.0006 0.0044 0.0015
11 0.0005 0.003 0.0006 0.0007 0.007 0.0028
12 0.0003 0.0019 0.0011 0.0007 0.0088 0.0052
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c) d)

Figure 12: Trajectories in a kindle human model [2].

Figure 13: Graphic implant for US Trajectory.
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Figure 14: Graphic implant X-Y for MSLERP.
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Figure 15: Cutting maneuver.
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Figure 16: Ultrasound evaluation maneuver.
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Figure 18: “MOTOMAN" robot in operation.

Table 4: Error of MSLERP.

controlled via a haptic interface, as these robots are typically heavy

Percentage Error and challenging to operate with high precision. Additionally, haptics
X . = . = play a crucial role in telepresence robotics.To evaluate our Quater-
y * > ‘ nion Wavelet Neural Network (QWNN) for Adaptive PID Control in
1 0.0003 | 0.0004 0.0005 0.0012 | 0.0105 0.0043 Haptics, we attempt to track a nonlinear trajectory in 3D space. The
2 0.0001 | 0.0008 0.0021 0.0006 | 0.0097 0.0043 user’s applied pressure affects the impedance of the haptic device,
3 0.0001 | 0.0008 0.0011 0.0006 | 0.0026 0.0037 which must be considered in our estimation and control strategy to
4 0.0003 | 0.0004 0.0011 0.0009 | 0.0061 0.0041 ensure smooth trajectory tracking. Furthermore, our controlled hap-
5 0,0006 0.002 0.0005 0.0011 0.0105 0.0047 .t1c device Cjcln be cor?nected to manipulate a robotic arm, as described
in the previous section. The results are presented for the QWNN PID
6 0.0006 | 0.0027 0.0005 0.0009 | 0.0105 0.0057 controller and a classical PID controller. The parameters that describe
7 | 00009 | 00015 | 00011 | 00011 | 00088 | 0.0049 | the experiment are found in Table 5.
8 0.0006 0.0012 0.0006 0.0008 0.0044 0.0041
Table 5: Experimental parameters.
9 0.0003 0.0023 0.0022 0.0008 0.0061 0.0052
Parameter Value Parameter Value
10 0.0006 0.0019 0.0028 0.0014 0.0096 0.0058 0
a
11 0.0003 0.0027 0.0006 0.0008 0.0097 0.0055 W Mo, 0.1
12 0.0004 0.0031 0.0011 0.0009 0.0097 0.0054 -
13 0.0001 0.0016 0.0005 0.0004 0.0088 0.0035 A 0a10 M 0.1
14 0.0004 0.0023 0.0011 0.0007 0.0026 0.0028
B -10a10 Hper 0.1
15 0.0001 0.0012 0.0016 0.0003 0.007 0.0018
16 0.0003 0.0016 0.0016 0.0005 0.0105 0.0026 kpmp(t) [555] N° neurons (L) 6
17 0.0001 0.0004 0.0005 0.0007 0.0079 0.0017
18 | 0.0003 | 0.0004 | 0.0005 | 0.0009  0.007 | 0.0018 K, ) [0'8.% g]-05 Mopther wavelet (p,(1)) RASPI
Wavelet Neural Network forAdaptive PID Control | %, [111] Epochs 5
P
inHaptics
uw 0.5 Sampling Period (T) ~0.001s
This section presents the experimental results using the Phantom
Omni haptic device (Figure 19), a robotic mechanism with six degrees u A 0.75 NC Inputs Q recurrency 1
of freedom, underactuated dynamics, and low tribology. It is designed
for interaction with dynamic environments that provide kinesthet- y7i B 1 N recurrences 3
ic force feedback.In medical robotics, robot manipulators are often
Copyright@ : Eduardo Bayro- Corrochano | Biomed ] Sci & Tech Res | BJSTR.MS.ID.009575. 53462
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Figure 19: Phantom Omni haptic device.

The experiment was carried out with a sampling period of T =
0.001 (1khz sampling frequency), for a simple trajectory, which al-
lows the movement of the final effector over Euclidean space. Inverse
kinematics is applied to find joint control reference. Figure 20 shows
the behavior in Euclidean space, it is observed that the QWNN has
a better convergence to the desired reference. Figure 20 shows the
behavior of Euclidean space for each coordinate axis (x,y,z), It is ob-
served that the three axes have a better position convergence in the

50
£ 0]
NN
=50 .-
40 T
\\“‘
60
Y (mm) -80

Figure 20: Trajectory in the Euclidean workspace.

QWNN PID, which is more notable in the y axis by the gravitational
component. Figure 21 shows the trajectory in Euclidean space for
each coordinate axis (x,y,z), It is observed that the three axes have a
better position convergence in the QWNN PID, which is more notable
in the y axis by the gravitational component. Figure 22 shows the con-
trol signal for each joint, it can be seen that the QWNN PID control sig-
nal has areas where it is greater, which determines greatrobustness in
tracking the trajectory.

___ymf
—PID (x.y,2)
— QWNN PID (x,v.7)

e 50
< 0
-50
X (mm)
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Conclusions

As demonstrated in this work, as well as in previous theses and
articles, geometric algebra enables the efficient modeling of geomet-
ric entities. Although it involves a higher level of complexity, it offers
the advantage of representing a wide range of problems using geo-
metric elements. When applied to inverse kinematics, it proves to be
a valuable tool for determining the necessary rotation values for each
robot joint to achieve the desired position. Furthermore, the results
highlight how geometric algebra intuitively and effectively models
the employed system. The findings also reveal the strong relationship
between geometric algebra and the kinematics of robotic models,
particularly in calculating the required tracking for a manipulator to
perform tasks such as suturing, implant placement, ultrasonic ma-
neuvers, and cutting. These applications can be extended to various
types of medical operations. Additionally, this paper presents an
adaptive PID control law with an indirect architecture for controlling
motion paths in an open-chain haptic system. The plant’s identifica-
tion is achieved using a Quaternion Wavelet Neural Network, which
optimally tunes the PID values, ensuring precise movement within
the workspace. Finally, the experimental results confirm that the pro-
posed method achieves a high degree of accuracy, with an error per-
centage close to zero. Thus, we conclude that the proposed approach
effectively applies geometric methods to solve various medical robot-
ics tasks, significantly contributing to the potential for autonomous
execution in the future.
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