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Bifurcation analysis and Nonlinear model predictive control were performed on a cancer model with tumor-im-
mune interactions. It is also demonstrated (both numerically and analytically) that the presence of the branch
and limit points was instrumental in obtaining the Utopia solution when the multiobjective nonlinear model
predictive control calculations were performed. Bifurcation analysis was performed using the MATLAB software
MATCONT while the multi-objective nonlinear model predictive control was performed by using the optimiza-
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Introduction and Background

The models involving cancer remission and immunotherapy are
extremely nonlinear and exhibit singularities that affect optimization
and control strategies. Several researchers have investigated the non-
linearity of the cancer models. Swan [1] studied applications of opti-
mal control theory in cancer chemotherapy. Dunn, et al. [2] discuss
Cancer immunoediting; Pillis, et al. [3] studied the dynamics of an op-
timally controlled tumor model and Gatenby, et al. [4] discussed the
mathematical oncology pertaining to cancer. Albini, et al. [5] studied
tumor inflammatory angiogenesis and its chemoprevention and Mer-
lo, et al. [6] studied cancer as an evolutionary and ecological process,
De Pillis, et al. [7] performed an analysis of the dynamics and a study
of quadratic and linear optimal controls regarding chemotherapy for
tumors; while Castiglione and Piccolj, et al. [8] performed mathemat-
ical modeling and optimal control of Cancer immunotherapy. Griven-
nikov, et al. [9] discuss the effect of immunity on inflammation, and
cancer and Hanahan, et al. [10] presented the main hallmarks of the
cancer cell while Weinberg [11] studied the biology of Cancer. Ghosh,

etal. [12] showed how delayed interactions between cancer cells and
the microenvironment can influence tumor growth. Letellier, et al.
[13] investigated chemotherapy combined with an anti- angiogenic
drug applied to a cancer model.

Khajanchi, et al. [14] discussed the influence of time delay in a
chaotic cancer model and Das, et al. [15] demonstrated the dynamical
complexity in a time-delayed tumor-immune model. Das, et al. [16]
developed optimal treatment strategies for delayed cancer-immune
system with multiple therapeutic approach. Das et al (2021) devel-
oped an optimal control strategy for cancer remission using combi-
natorial therapy. All the optimal control work involving cancer re-
mission and immunotherapy involved single objective optimization.
In this work, multiobjective nonlinear model predictive control cal-
culations (MNLMPC) are performed in conjunction with bifurcation
analysis. The effect of the bifurcations on the MNLMPC is shown. The
cancer remission model described in the work of Das, et al. [17] is
used. The paper is organized as follows. First the details of the can-
cer remission model (Das, et al. [17]) are presented, followed by a
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description of the bifurcation analysis methods and the strategy used
for performing the Multiobjective nonlinear model predictive control
calculations (MNLMPC) . This is followed by an analysis of the effect
of the singularities (Limit Point (LP) and Branch Point (BP)) on MN-
LMPC. The numerical results validating the analysis is then presented
followed by the conclusions.

Model Description

The differential equations that constitute the cancer remission
model (Das, et al. [17]) are

ﬂ:aITA(l_bITA)_mITAHA _M_Iﬁ(l_e_VA)TA

t 1Ty
dH _
d_tA: aH,(1-b,H,)-mT,H, —r(l-e VA)HA
dly _mUlLi . _e\p, —5T+uo
d a,+T,
av, =w—dJV,
dt

(1)

T,,H,,I,,V, represent tumor cells, host cells, immune-effector

cells, and chemotherapy. The parameter values and units are

° a, a=4.31e-01 [cells /day] {Intrinsic growth rate of tumor
cells};

° b, =1.02e-09 [1/cells] {1/(the carrying capacity of tumor
cells)};

. m, =6.41e-11 [1/(cell day)] { Inactivation of tumor cell by
host cell};

. n, =10e-01 [1/(cell day)] {Clarence of tumor cell by immune
cell};
a, =2e+05 [cell ? ] { Steepness coefficient of immune cell};

° R, =8e-01 [1/(cell day)] { Killing rate of tumor cell by che-
motherapy};

° a, =11e-01[1/(day)] { Intrinsic growth rate of host cells};

° b, =1.02e-09[1/(cells)] {1/(the carrying capacity of host
cells)};

° m, =15e-01[1/(cell day)] { Inactivation of host cell by tumor
cell};

. r, =6.0e-01 [1/(cell day)] { Killing rate of host cell by che-
motherapy cell};

. n, =1.245e-01 [1/(day)]{ Recruitment rate of immune cell};

a,=1.e+07 [cell2] { Steepness coefficient of immune cell};

P =2.e-01[1/(cell day)] {Inactivation of immune cell by tu-

[ ]
mor cell};

. 0 =4.12¢-02 [1/( day)] { Death rate of immune cell};

. R, =6.0e-01[1/(cell day)] { Killing rate of immune cell by

chemotherapy};
. d, =9.0e-01[1/day] { Decay rate of drug};

O represents the adoptive cellular immunotherapy (aci) (value
= 60) and u is the amount of dose of ACI (value = 0.2). w refers to the
dose of chemo injected into the system and is utilised as the bifurca-
tion parameter and control variable.

Bifurcation Analysis

The existence of bifurcations in engineering problems that lead to
multiple steady-state solutions is well known. Bifurcations that lead
to multiple steady-state solutions are a) Branch Points and b) limit
points. Both these bifurcation points are singularities where the Jaco-
bian matrix of the set of steady-state equations is singular. However,
at a branch point there are 2 distinct tangents at the singular point
while at a limit point there is only one tangent at the singular point
One of the most commonly used software to locate these bifurcations
is CL_LMATCONT (Dhooge, etal. [18,19]) CL_MATCONT uses a continu-
ation procedure implementing the Moore-Penrose matrix pseudo-in-
verse. A stationary solution of the model under is used to obtain, a
set of points that corresponds to the equilibria of the ordinary dif-
ferential equations. CL_LMATCONT detects the singularities and bifur-
cation points in the solution path and obtains all the branches of the
solutions starting from the bifurcation points. CL_LMATCONT detects
singular points which are limit points, branch points and Hopf bifur-
cation points . Hopf bifurcation points do not cause multiple steady-
states and therefore do not result in the formation of a maxima or
minima. Limit and Branch points cause the existence of multiple solu-
tions. Consider an ODE system

x=f(x,p) @

Where x € R" Let the tangent plane at any pointx be [v,,v,, v,

V, e V.1 | Define matrix
Aas ~ i
Nhohoho, 9
ox, Ox, Ox, ox, ox, Of3
%990 . 99
ox, Ox, Ox, Ox, Ox, Of3

................................................ 3)

99,9 Y

Ox, Ox, Ox; Ox,
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The matrix A can be written in a compact form as
of
A=[B|L
[B] 3 /3] (4)

The tangent surface must satisfy the equation
Av=0 (5

For both limit and branch points the matrix B must be singu-
lar. For a limit point (LP) the n+1" component of the tangent vector
v,,, = 0 and for a branch point (BP) the matrix ,r | must be singular
(Kuzenetsov, et al. [20-22]).

Multiobjective Nonlinear Model Predictive Control
Algorithm

The multiobjective nonlinear model predictive control strategy
(MNLMPC) method was first proposed by Flores Tlacuahuaz, et al.
[23] and used by Sridhar [24]. This method does not involve the use
of weighting functions, nor does it impose additional constraints on
the problem unlike the weighted function or the epsilon correction
method (Miettinen [25]). For a problem that is posed as

min J(x,u) = (x,,X,....x, )
Subject to? = F(x,u)
t

h(x,u)<0 (6)
xt<x<xY
ut <u<u?

The MNLMPC method first solves dynamic optimization problems
independently minimizing/maximizing each any variable p, individu-
ally. The minimization/maximization of p, will lead to the values p: .
Then the optimization problem that will be solved is

min{p, - p;}’
Subject to% =F(x,u)

h(x,u) <0 (7)
xt<x<xY
ut <u<u?

This will provide the control values for various times. The first
obtained control value is implemented and the remaining discarded.
This procedure is repeated until the implemented and the first ob-
tained control value are the same. The optimization package in Py-
thon, Pyomo (Hart, et al. [26]), where the differential equations are
automatically converted to a Nonlinear Program (NLP) using the or-
thogonal collocation method . The Lagrange-Radau quadrature with
three collocation points is used and 10 finite elements are chosen to
solve the optimal control problems. The resulting nonlinear optimi-

zation problem was solved using the solvers IPOPT (Wachter, et al.
[27]) and confirmed as global solutions with Baron (Tawaralmani, et
al. [28]). To summarize the steps of the algorithm are as follows

1. Minimize/maximize p, subject to the differential and alge-
braic equations that govern the process using Pyomo with IPOPT and
Baron. This will lead to the value p, at various time intervals t. The
subscript i is the index for each time step.

2. Minimize {p, — p;}" subject to the differential and algebraic
equations that govern the process using Pyomo with IPOPT and Bar-
on. This will provide the control values for various times.

3.  Implement the first obtained control values and discard the
remaining.

Repeat steps 1 to 4 until there is an insignificant difference be-
tween the implemented and the first obtained value of the control
variables or if the Utopia point is achieved.

The Utopia point is when 2; = P: for all i.

Effect of Singularities (Limit Point (LP) and Branch
Point (BP)) on MNLMPC

Let the minimization be of the variable p, lead to the value M, and
the minimization of function p, lead to the value M, . This is equiva-
lent to minimizing ( p,-M,)*and ( p,-M,)*.The subsequent multiobjec-
tive minimization will be of the function

(Pl_M1)2+(p2_M2)2'

The multiobjective optimal control problem is

min ( p, —M1)2 +( p, —M2)2 W
Subject to %zF (x,u)

For all i,

d (- M) =2(p - M) — L -
dix,.((pl_Ml) +(]72 MZ))_Z(pl Ml)dx,.(pl M1)+2(p2 Mz)dxi(pz Mz)

(2)
At the Utopia point both (p, —M,)and (p,—M,) are zero. Hence

d
2 (P M)’ +(p,-M,)")=0 (3)

Now let us look at the co-state equation

d d
E(ﬂ’i) = _d_xl.((pl _M1)2 +(p, _MZ)Z)_gx/’l’i 4)
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The first term in this equation is 0 and hence

—(/1)
At,;)=0

-84 (5)

If the set of ODE %(l{) =g(x,u) has a limit or a branch point, g_is
singular Hence there are two different vectors-values for [4]where
t(/l)> 0oand —(ﬂ)<0 In between there is a vector [l]wheref@) 0-
This coupled w1th the boundary condition 4 (#,) =0 will lead {o which
will make the problem an unconstrained optimization problem and

0.9

08
LP

06

05T

03F

02F

0.1 !

the one and only solution for the unconstrained problem is the Utopia
solution

Numerical Results

The MATLAB software MATCONT was used to perform the bi-
furcation analysis which revealed the existence of a limit point and
a branch point on the same curve. For the co-ordinates [T,, H, , I,
,V, » w] a branch point(BP) occurred at a value of [0, 0, 16.465953,
0.773592, 0.696233 | and a limit point (LP) occurred at a value of (
581.150790 0, 0.051460, 0.773814, 0.696432 ). Both these points are
shown in Figure 1.

0 5 10 15

Figure 1: Bifurcation analysis for cancer remission problem.

For the MNLMPC calculations, I, was maximized and V, ,T, were
individually minimized.

The maximization ZI of resulted 1n a value of 1.e+08 while
the individual m1n1mlzat10ns of 21 ZV each produced a val-
ue of 0. For the MNLMPC calculation the objective function
(%IA—I.HOS) +(%V4—O) +(§TA—0) was minimized subject to the dif-

20 25 30 35 40
1A

ferential equations representing the Cancer remission Model. This
resulted in a value of 0 which is the Utopia solution and the obtained
MNLMC value of the control variable of w was 0.0170410079149156.
Figures 2-6 show the profiles obtained.
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Figure 2: MNLMPC profile for cancer remission problem (va vs t).
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Figure 3: MNLMPC profile for cancer remission problem (ia vs t).
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Figure 4: MNLMPC profile for cancer remission problem (ta vs t).
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Figure 5: MNLMPC profile for cancer remission problem (ha vs t).
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Figure 6: MNLMPC profile for cancer remission problem (w vs t).

Conclusion

This work demonstrates the highly nonlinear nature of the cancer
remission model demonstrating the existence of the limit point and
a branch point, point on the same curve and for the same bifurcation
parameter. However, the existence of these bifurcation points is not a
cause for concern as these singular points actually aid in the multiob-
jective nonlinear model predictive control calculations to converge to
the best solution (Utopia point).

Data Availability Statement

All data used is presented in the paper.

Conflict of Interest

The author, Dr. Lakshmi N Sridhar has no conflict of interest.

Acknowledgment

The author, Dr. Lakshmi N Sridhar thanks Dr. Carlos Ramirez for
encouraging him to write single-author papers.

1000

600 800
t
References
1. Swan GW (1988) General applications of optimal control theory in cancer
chemotherapy. Math Med Biol A 5(4): 303-316.
2. Dunn GP, Bruce AT, Ikeda H, Old L], Schreiber RD, et al. (2002) Cancer im-

munoediting: from immunosurveillance to tumor escape. Nat Immunol
3(11): 991-998.

Pillis LD, Radunskaya AE (2003) The dynamics of an optimally controlled
tumor model: a case study. Math Comput Model 37(11): 1221-1244.

Gatenby RA, Maini PK (2003) Mathematical oncology: Cancer summed up.
Nature 421(6921): 321.

Albini A, Tosetti F, Benelli R, Noonan DM (2005) Tumor inflammatory an-
giogenesis and its chemoprevention. Cancer Res 65(23): 10637-10641.

Merlo LM, Pepper JW, Reid BJ, Maley CC (2006) Cancer as an evolutionary
and eco- logical process. Nat Rev Cancer 6(12): 924-935.

De Pillis LG, Gu W, Fister KR, Head T, Maples K, et al. (2007) Chemotherapy
for tumors: an analysis of the dynamics and a study of quadratic and linear
optimal controls. Math Biosci 209(1): 292-315.

Castiglione F Piccoli B (2007) Cancer immunotherapy, mathematical
modeling and optimal control. ] Theor Biol 247(4): 723-732.

Grivennikov SI, Greten FR, Karin M (2010) Immunity, inflammation, and
cancer. Cell 140(6): 883-890.

Copyright@ : Lakshmi N Sridhar | Biomed ] Sci & Tech Res | BJSTR.MS.ID.009352.

51893


https://dx.doi.org/10.26717/BJSTR.2024.59.009352
https://pubmed.ncbi.nlm.nih.gov/3241099/
https://pubmed.ncbi.nlm.nih.gov/3241099/
https://pubmed.ncbi.nlm.nih.gov/12407406/
https://pubmed.ncbi.nlm.nih.gov/12407406/
https://pubmed.ncbi.nlm.nih.gov/12407406/
https://scholarship.claremont.edu/pomona_fac_pub/185/
https://scholarship.claremont.edu/pomona_fac_pub/185/
https://www.nature.com/articles/421321a
https://www.nature.com/articles/421321a
https://pubmed.ncbi.nlm.nih.gov/16322203/
https://pubmed.ncbi.nlm.nih.gov/16322203/
https://www.nature.com/articles/nrc2013
https://www.nature.com/articles/nrc2013
https://pubmed.ncbi.nlm.nih.gov/17306310/
https://pubmed.ncbi.nlm.nih.gov/17306310/
https://pubmed.ncbi.nlm.nih.gov/17306310/
https://pubmed.ncbi.nlm.nih.gov/17543345/
https://pubmed.ncbi.nlm.nih.gov/17543345/
https://pubmed.ncbi.nlm.nih.gov/20303878/
https://pubmed.ncbi.nlm.nih.gov/20303878/

Volume 59- Issue 5

DOI: 10.26717/BJSTR.2024.59.009352

10.

11.

12.

13.

14.

15.

16.

17.

18.

Hanahan D, Weinberg R (2011) Hallmarks of cancer: The next generation.
Cell 144(5): 646-674.

Weinberg R (2013) The biology of cancer. (2" Edn.)., London: Garland Sci-
ence.

Ghosh D, Khajanchi S, Mangiarotti S, Denis F, Dana SK, et al. (2017) How
tumor growth can be influenced by delayed interactions between cancer
cells and the microenvironment? Biosystems 158: 17-30.

Letellier C, Sasmal SK, Draghi C, Denis F, Ghosh D, et al. (2017) A chemo-
therapy combined with an anti-angiogenic drug applied to a cancer model
including angiogene- sis. Chaos Solitons Fractals 99: 297-311.

Khajanchi S, Perc M, Ghosh D (2018) The influence of time delay in a cha-
otic cancer model. Chaos 28(10): 103101.

Das P, Das S, Upadhyay RK, Das P (2020) Optimal treatment strategies for
delayed cancer-immune system with multiple therapeutic approach. Cha-
os Solitons Fractals 136: 109806.

Das P, Upadhyay RK, Das P, Ghosh D (2020) Exploring dynamical complexi-
ty in a time-delayed tumor-immune model. Chaos 30(12): 123118.

Das P, Samhita Das, Pritha Das, Fathalla A Rihan, Muhammet Uzuntarla, et
al. (2021) Optimal control strategy for cancer remission using combina-
torial therapy: A mathematical model-based approach, Chaos, Solitons &
Fractals 145: 110789.

Dhooge A, Govearts W, Kuznetsov AY (2003) MATCONT: A Matlab package
for numerical bifurcation analysis of ODEs, ACM transactions on Mathe-
matical software 29(2): 141-164.

ISSN: 2574-1241

DOI: 10.26717/BJSTR.2024.59.009352
Lakshmi N Sridhar. Biomed ] Sci & Tech Res

@ @ This work is licensed under Creative
Commons Attribution 4.0 License

Submission Link: https://biomedres.us/submit-manuscript.php

19. Dhooge AW, Govaerts YA, Kuznetsov W, Mestrom, AM Riet (2004) CL_MAT-
CONT; A continuation toolbox in Matlab.

20. Kuznetsov YA (1998) Elements of applied bifurcation theory. Springer, NY.

21. Kuznetsov YA (2009) Five lectures on numerical bifurcation analysis,
Utrecht University, NL.

22. Govaerts WJF (2000) Numerical Methods for Bifurcations of Dynamical
Equilibria, SIAM.

23. Flores Tlacuahuac A, Pilar Morales, Martin Riveral Toledo (2012) Multiob-
jective Nonlinear model predictive control of a class of chemical reactors.
I & EC research, pp. 5891-5899.

24. Sridhar Lakshmi N (2019) Multiobjective optimization and nonlinear
model predictive control of the continuous fermentation process involv-
ing Saccharomyces Cerevisiae. Biofuels, pp. 249-264.

25. Miettinen Kaisa M (1999) Nonlinear Multiobjective Optimization. Kluwers
international series.

26. Hart William E, Carl D Laird, Jean Paul Watson, David L. Woodruff, Gabriel
A Hackebeil, et al. (2017) Pyomo - Optimization Modeling in Python. Sec-
ond Edition 67: 2017.

27. Wachter A, Biegler L (2006) On the implementation of an interior-point
filter line- search algorithm for large-scale nonlinear programming. Math
Program 106: 25-57.

28. Tawarmalani M, NV Sahinidis (2005) A polyhedral branch-and-cut ap-
proach to global optimization, Mathematical Programming 103(2): 225-
249.

Assets of Publishing with us

BIOMEDICAL
RESEARCHES ¢ Global archiving of articles

B A ¢ Immediate, unrestricted online access

0 ‘'8 @ % ¢ Rigorous Peer Review Process

[ WAy .
. [

¢ Authors Retain Copyrights
v [ e Unique DOI for all articles

ISSN: 2574-1241

https://biomedres.us/

Copyright@ :

Lakshmi N Sridhar | Biomed ] Sci & Tech Res | BJSTR.MS.ID.009352. 51894


https://dx.doi.org/10.26717/BJSTR.2024.59.009352
https://pubmed.ncbi.nlm.nih.gov/21376230/
https://pubmed.ncbi.nlm.nih.gov/21376230/
https://www.taylorfrancis.com/books/mono/10.1201/9780429258794/biology-cancer-robert-weinberg
https://www.taylorfrancis.com/books/mono/10.1201/9780429258794/biology-cancer-robert-weinberg
https://pubmed.ncbi.nlm.nih.gov/28506827/
https://pubmed.ncbi.nlm.nih.gov/28506827/
https://pubmed.ncbi.nlm.nih.gov/28506827/
https://www.sciencedirect.com/science/article/abs/pii/S0960077917301509
https://www.sciencedirect.com/science/article/abs/pii/S0960077917301509
https://www.sciencedirect.com/science/article/abs/pii/S0960077917301509
https://pubmed.ncbi.nlm.nih.gov/30384633/
https://pubmed.ncbi.nlm.nih.gov/30384633/
https://www.sciencedirect.com/science/article/abs/pii/S0960077920302071
https://www.sciencedirect.com/science/article/abs/pii/S0960077920302071
https://www.sciencedirect.com/science/article/abs/pii/S0960077920302071
https://pubmed.ncbi.nlm.nih.gov/33380019/
https://pubmed.ncbi.nlm.nih.gov/33380019/
https://www.sciencedirect.com/science/article/abs/pii/S0960077921001417
https://www.sciencedirect.com/science/article/abs/pii/S0960077921001417
https://www.sciencedirect.com/science/article/abs/pii/S0960077921001417
https://www.sciencedirect.com/science/article/abs/pii/S0960077921001417
https://dl.acm.org/doi/10.1145/779359.779362
https://dl.acm.org/doi/10.1145/779359.779362
https://dl.acm.org/doi/10.1145/779359.779362
https://dl.acm.org/doi/10.1145/952532.952567
https://dl.acm.org/doi/10.1145/952532.952567
https://link.springer.com/book/10.1007/978-3-031-22007-4
https://epubs.siam.org/doi/10.1137/1.9780898719543
https://epubs.siam.org/doi/10.1137/1.9780898719543
https://www.paginaspersonales.unam.mx/files/1002/Publica_20120601235954.pdf
https://www.paginaspersonales.unam.mx/files/1002/Publica_20120601235954.pdf
https://www.paginaspersonales.unam.mx/files/1002/Publica_20120601235954.pdf
https://www.tandfonline.com/doi/full/10.1080/17597269.2019.1674000
https://www.tandfonline.com/doi/full/10.1080/17597269.2019.1674000
https://www.tandfonline.com/doi/full/10.1080/17597269.2019.1674000
https://www.mcda-school18.tuc.gr/Slides/Miettinen2018.pdf
https://www.mcda-school18.tuc.gr/Slides/Miettinen2018.pdf
https://link.springer.com/book/10.1007/978-3-030-68928-5
https://link.springer.com/book/10.1007/978-3-030-68928-5
https://link.springer.com/book/10.1007/978-3-030-68928-5
https://link.springer.com/article/10.1007/s10107-004-0559-y
https://link.springer.com/article/10.1007/s10107-004-0559-y
https://link.springer.com/article/10.1007/s10107-004-0559-y
https://link.springer.com/article/10.1007/s10107-005-0581-8
https://link.springer.com/article/10.1007/s10107-005-0581-8
https://link.springer.com/article/10.1007/s10107-005-0581-8
https://dx.doi.org/10.26717/BJSTR.2024.59.009352

